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Abstract

We design the conforming virtual element method for the numerical approximation of the two dimensional elastodynamics prob-
lem. We prove stability and convergence of the semi-discrete approximation and derive optimal error estimates under h-refinement
in both the energy and the L? norms, and optimal error estimates under p-refinement in the energy norm. The performance of the
proposed virtual element method is assessed on a set of different computational meshes, including non-convex cells up to order
four in the h-refinement setting. Exponential convergence is also experimentally observed under p-refinement. Finally, we present
a dispersion-dissipation analysis for both the semi-discrete and fully-discrete schemes, showing that polygonal meshes behave as
classical simplicial/quadrilateral grids in terms of dispersion-dissipation properties.

Key words: virtual element method, polygonal meshes, elastodynamics, high-order methods

1. Introduction

In recent years, numerical modeling of elastic waves propagation problems through the elastodynamics equation
has undergone a constantly increasing interest in the mathematical and geophysics engineering community. One of
the most employed numerical technique is the Spectral Element Method that has successfully been applied to the
elastodynamics equation, cf. [45, 49]. Elastic waves propagation problems have been treated numerically by applying
the Discontinuous Galerkin (DG) and the Discontinuos Galerkin Spectral Element method, see, e.g., [7, 14, 61] and
the references therein, to the displacement formulation and the stress-velocity formulation, see, e.g., [43] and the
references therein. High-order DG methods for elastic and elasto-acoustic wave propagation problems have been
extended to arbitrarily-shaped polygonal/polyhedral grids [8, 13] to further enhance the geometrical flexibility of the
DG approach while guaranteeing low dissipation and dispersion errors. Recently, the lowest-order Virtual Element
Method (VEM) has been applied for the solution of the elastodynamics equation on nonconvex polygonal meshes [55,
56].

Studying the elastodynamic behavior of structures with complicated geometrical features is often of interest in
many practical situations, e.g., in aerospace and power-generation applications. Traditionally, triangular — and in 3D,
tetrahedral — elements have been the only available option when it came to the spatial discretization of such struc-
tures. This is problematic because low-order triangles/tetrahedra are known to over-estimate the structure’s stiffness



(and hence its natural frequencies and the wave propagation speed within it), especially with nearly-incompressible
materials. In addition, very small triangular elements are often needed to resolve intricate features of the geometry,
which then requires a very small time step to be used in view of the CFL stability condition. Polygonal elements
can alleviate such difficulties, since they often obviate the need to refine the spatial discretization even in the pres-
ence of complicated/intricate geometrical features. This is especially true if the underlying numerical method allows
non-convex polygonal elements to be used efficiently, as is the case with the virtual element method.

The VEM, that can be seen as a variational reformulation of the nodal mimetic finite difference (MFD) method [24],
was originally proposed as a conforming method for solving elliptic boundary-value problems on polytopal meshes
in [19] and later extended to nonconforming formulations, see, e.g., [10, 17, 32, 33, 52], and to higher-order dif-
ferential equations [10, 11], and to ”p/hp” formulations, also using adaptive mesh refinements [27]. As outlined in
Reference [50], the VEM provide a very effective and flexible setting for designing arbitrary-order accurate numerical
methods suited to polygonal and polyhedral meshes with respect to straightforward generalization of the finite element
method as in the polygonal FEM. In the last few years, great amount of work has also been devoted to the numerical
modeling of linear and nonlinear elasticity problems and materials. For example, it is worth mentioning the VEM
for plate bending problems [20, 30] and stress/displacement VEM for plane elasticity problems [15], plane elastic-
ity problems based on the Hellinger-Reissner principle [16], mixed virtual element method for a pseudostress-based
formulation of linear elasticity [31] nonconforming virtual element method for elasticity problems [68], linear [47]
and nonlinear elasticity [41], contact problems [67] and frictional contact problems including large deformations [66],
elastic and inelastic problems on polytope meshes [25], compressible and incompressible finite deformations [65],
finite elasto-plastic deformations [35, 48, 64], virtual element method for coupled thermo-elasticity in Abaqus [42],
a priori and a posteriori error estimates for a virtual element spectral analysis for the elasticity equations [54], virtual
element method for transversely isotropic elasticity [60]. In this paper, we are aimed at investigating both theoreti-
cally and numerically the performance of the high-order Virtual Element Method for the numerical modeling wave
propagation phenomena in elastic media. In particular, we prove the stability and the convergence of the semi-discrete
approximation in the energy norm and derive error estimates. The performance of the method, in terms of convergence,
stability and dispersion-dissipation analysis, is assessed on a set of different computational meshes. Exponential con-
vergence is also experimentally seen in the p-refinement setting. Reference [62] is pertinent with the work that we
present in this paper, since a similar conforming virtual element method is proposed for the numerical approxima-
tion of the wave equation, convergence is theoretically proved and optimal estimates provided in the energy and L?
norm. However, we emphasize that here we consider a different and more complex mathematical model, a different
discretization of the stiffness matrix, which is here based on orthogonal projections of the simmetric gradients and not
on the elliptic projector as in [62], and, consequently, a substantially different strategy for the analysis.

The outline of the paper is as follows. We conclude this introductory section with a subsection reviewing back-
ground material for the VEM and a subsection introducing the notation used in this paper. In Section 2, we introduce
the model problem and its virtual element approximation. In Section 3, we present the design of the VEM. In Sec-
tion 4, we discuss the convergence of the VEM and derive suitable bounds for the approximation error. In Section 5,
we investigate the performance of the method on a set of suitable numerical experiments. In particular, in 5.1 we
show the optimal convergence properties of the VEM by using a manufactured solution on three mesh families with
different difficulties, and in 5.2, we carry out an experimental investigation a la Von Neumann on the stability and
dispersion-dissipation properties. In Section 6, we offer our final remarks and conclusions.

1.1. Notation of functional spaces and technicalities

We use the standard definitions and notation of Sobolev spaces, norms and seminorms, cf. [2]. Let k£ be a nonneg-
ative integer number. The Sobolev space H*(w) consists of all square integrable functions with all square integrable
weak derivatives up to order k that are defined on the open bounded connected subset w of R2. As usual, if £ = 0, we
prefer the notation L?(w). Norm and seminorm in H*(w) are denoted by || - || and | - | ., respectively, and (-, -),,
denote the L2-inner product. We omit the subscript w when w is the whole computational domain ).

Given the mesh partitioning 2, = {P} of the domain €2 into elements P, we define the broken (scalar) Sobolev
space for any integer k£ > 0



HA () = [] H*P)={veL*Q) : vpec HP)},
PeQy,

which we endow with the broken H*-norm

lollzn = D lolie  Vve H (), (1)
PeQ,,

and, for k£ = 1, with the broken H!-seminorm

=D IVelge  YveH' (). @
PeQy,

We denote the linear space of polynomials of degree up to ¢ defined on w by IP;(w), with the useful conventional
notation that P_; (w) = {0}. We denote the space of two-dimensional vector polynomials of degree up to £ on w by
[Py(w)] % the space of symmetric 2 x 2-sized tensor polynomials of degree up to £ on w by ]P?:yzm(w). Space Py(w)
is the span of the finite set of scaled monomials of degree up to /¢, that are given by

My(w) = { (X ; Xw) with |a| < 5}7
where

— X, denotes the center of gravity of w and h,, its characteristic length, as, for instance, the edge length or the cell
diameter for d = 1,2, 3;

— a = (aq, ag) is the two-dimensional multi-index of nonnegative integers a; with degree || = @1 + a3 < £ and
such that x* = 2 z5? for any x € R?.

We will also use the set of scaled monomials of degree exactly equal to ¢, denoted by M (w) and obtained by setting

|| = £ in the definition above.

Finally, we use the letter C' in the error estimates to denote a strictly positive constant whose value can change at
any instance and that is independent of the discretization parameters such as the mesh size h. Note that C' may depend
on the constants of the model equations or the variational problem, like the coercivity and continuity constants, or
even constants that are uniformly defined for the family of meshes of the approximation while h — 0, such as the
mesh regularity constant, the stability constants of the discrete bilinear forms, etc. Whenever it is convenient, we will
simplify the notation by using expressions like z < y and 2 y to mean that x < Cy and x > Cl, respectively, C
being the generic constant in the sense defined above.

2. Model problem and virtual element formulation

We consider an elastic body occupying the open, bounded polygonal domain denoted by Q € IR? with boundary
denoted by I' = 0f). We assume that boundary I' can be split into the two disjoint subsets I'p and I'y, so that
T =TpUTlyandTp NTx = 0. For the well-posedness of the mathematical model, we further require that the
one-dimensional Lebesgue measure (length) of ' is nonzero, i.e., |I'p| > 0. Let T > 0 denote the final time. We
consider the external load f € L2((0,T); [L?(£2)]?), the boundary function gy € C*((0,T); [HérN]z), and the initial
functions ug € [H ., (Q2)]%, uy € [L?(Q2)]?. For such time-dependent vector fields, we may indicate the dependence
on time explicitly, e.g., £(t) := f(-,¢) € [L?(2)]?, or drop it out to ease the notation when it is obvious from the
context.

The equations governing the two-dimensional initial/boundary-value problem of linear elastodynamics for the dis-
placement vector u :  x [0,7] — R? are:



pu—V-o(u)=f in Q x (0,7, 3)

u=0 onT'p x (0,77, )
oc(un =gy onT'y x (0,77, Q)
u=up in Q % {0}, ©)
o= in Q x {0}. %)

Here, p is the mass density, which we suppose to be a strictly positive and uniformly bounded function and o (u) is the
stress tensor. In (4) we assume homogeneous Dirichlet boundary conditions on I'p. This assumption is made only to
ease the exposition and the analysis, as our numerical method is easily extendable to treat the case of nonhomogeneous
Dirichlet boundary conditions.

We denote the space of symmetric 2 x 2-sized real-valued tensors by lRfyan and assume that the stress tensor o :

Q x [0,T] — R2? is expressed, according to Hooke’s law, by o(u) = De(u), where, £(u) denotes the symmetric

gradient of u , i.e., e(u) = (Vu+ (Vu)")/2,and D = D(x) : RZ5Z — RZ)? is the inverse of the compliance
tensor

Dt = 2ut + Atre(7)] (8)

forall T € leyan. In this definition, | and tr(-) are the identity matrix and the trace operator; A and fx are the first
and second Lamé coefficients, that we assume to be in L>°(€2) and nonnegative. The compressional (P) and shear (S)
wave velocities of the medium are respectively obtained through the relations cp = /(A + 2u)/p and cg = v/ p/p.

LetV = [HllD (Q)] ® be the space of H' vector valued functions with null trace on ' . We consider the two bilinear
forms m(-,-), a(-,-) : V x 'V — R defined as

m(w,v) = / pw-vdV Yw,v eV, ©)
Q

a(w,v) = / o(w):e(v)dV VYw,v eV, (10)
Q

and the linear functional F'(-) : V — IR defined as

F(v):/f-vdV+/ gn-v VYveV. (11)
Q Ty

The variational formulation of the linear elastodynamics equations reads as: For all t € (0,T] find u(t) € V such
that for t = 0 it holds that u(0) = ug and u(0) = uy and

m(,v) +a(u,v) = F(v) Vv evVv. (12)

As shown, for example, in [59, Theorem 8-3.1], the variational problem (12) is well posed and its unique solution
satisfies u € C°((0,7]; V) N C1((0, T); [L?(2)]?).

The virtual element approximation of problem (12) relies on the virtual element space VZ, which is a subspace of

[H %D (Q)} 2 Space VZ’ is built upon the scalar conforming space considered in [19]. For the sake of completeness, we
briefly review the construction of the scalar space in the next section. Then, we consider the virtual element bilinear
forms mp, (-, -) and ap (-, -), which approximate the bilinear forms m(-, -) and a(-, -), and the virtual element functional
F},(+), which approximates the linear functional F'(+). The definition of my (-, -), ax(+, ), and Fy(+) and the discussion
of their properties is addressed in the next section.

The semi-discrete virtual element approximation of (12) read as: For all t € (0,T) find w,(t) € V} such that for
t = 0 it holds that uy,(0) = (ug)s and 0y (0) = (u1)r and

mh(iih,vh) + ah(uh,vh) = Fh(Vh) Vv, € VZ. (13)



Here, uy, (t) is the virtual element approximation of u and vy, the generic test function in V¥, while (ug); and (u;);
are the virtual element interpolants of the initial solution functions u(0) and 1(0), respectively.

Time integration is performed by applying the leap-frog time marching scheme [58] to the second derivative in time
i;,. To this end, we subdivide the interval (0, 7] into N subintervals of amplitude At = T/ Nr and at every time
level t" = nAt we consider the variational problem:

mh(uZ+1,vh) —2mp(up,vp) + mh(uz_l,vh) + At?ap(ull,vy,) = AP F (vy) Vv, € Vi (14)

The leap-frog scheme is second-order accurate, explicit and conditionally stable, cf. [58]. It is straightforward to show
that these properties are inherited by the fully-discrete scheme (14).

3. Virtual Element Approximation

The VEM proposed in this paper is a vector extension of the VEM previously developed for scalar elliptic and
parabolic problems in [3, 17, 19, 33], that we shortly review in this section. First, we introduce the family of mesh
decompositions of the computational domain and the mesh regularity assumptions needed to prove the stability and
convergence of the method. Then, we formulate the conforming virtual element spaces of various degree k£ and present
the degrees of the freedom that are unisolvent in such spaces. Finally, we present the definition of the virtual element
bilinear forms and discuss their properties.

3.1. Mesh definition and regularity assumptions

Let 7 = {Q4} 1, be a family of decompositions of {2 into nonoverlapping polygonal elements P with nonintersecting
boundary OP, center of gravity xp, two-dimensional measure (area) |P|, and diameter hp = supy ,¢p X — y|. The
subindex & that labels each mesh {2y, is the maximum of the diameters hp of the elements of that mesh. The boundary
of P is formed by straight edges e and the midpoint and length of each edge are denoted by x. and h., respectively.

We denote the unit normal vector to the elemental boundary P by np, and the unit normal vector to edge e by n,.
Vector np points out of P and the orientation of n. is fixed once and for all in every mesh

Now, we state the mesh regularity assumptions that are required for the convergence analysis.
(A0) Mesh regularity assumptions.

— There exists a positive constant ¢ independent of h (and, hence, of £2;) such that for every polygonal element
P € Q, it holds that
(¢) P is star-shaped with respect to a disk with radius > php;
(77) for every edge e € OP it holds that h, > php.

Remark 3.1 Star-shapedness property (i) implies that the elements are simply connected subsets of R2. Scaling
property (ii) implies that the number of edges in each elemental boundary is uniformly bounded over the whole mesh

Sfamily T.

To conclude this section, we note that the above mesh assumptions are very general and, as observed from the
first publications on the VEM, see, for example, [19], allow us to formulate the VEM on grids of polygonal elements
having very general geometric shapes, e.g., nonconvex elements or elements with hanging nodes. See also the recent
work [26] for weaker mesh assumptions.

3.2. Virtual element space, degrees of freedom and projection operators
The global virtual element space is defined as

Vi= {v €V : v, € Vi(P)forevery P € Qh}. 15)

The construction of the local virtual space is carried out along these three steps: (i) we select the set of degrees of
freedom that uniquely characterizes the functions of the local space; (i) we introduce the elliptic projector onto the

5



(k=1) (k=2) (k=3)

Fig. 1. The degrees of freedom of the scalar conforming virtual element spaces th(P) defined on the pentagonal cell P for k = 1,2, 3.

subspace of polynomials; (ii¢) we define the virtual element functions as the solution of a differential problem, also
using the elliptic projector.

Let us move to the first step.
— Each virtual element function vy, is uniquely characterized by
(C1) the values of vy, at the vertices of P;
(C2) the moments of v, of order up to k& — 2 on each one-dimensional edge e € OP:

1
m /vhmds, Vm € My_1(e), Ve € OP; (16)
e
(C3) the moments of v, of order up to k — 2 on P:
1
“D/thmds, Ym € My_o(P). 17

Figure 1 shows the degrees of freedom of the three scalar conforming virtual element spaces defined on a pentagonal

cell for k = 1,2, 3. Since we assume that V/'(P) = Vi (P)] 2, being V/*(P) the local scalar conforming virtual space,
the degrees of freedom of each component of the vector-valued functions v, are those described above.

In the second step, we introduce the elliptic projection operator ITY : H*(P)NC°(P) — P (P), so that the elliptic
projection of a function vy, is the polynomial of degree k that satisfies the variational problem given by

/Pvnkvvthk dV:/PVvh~qu AV Vq e PL(P), (18)
with the additional condition that
/ Y vy, dV :/ vpdV  fork =1, (19)
oP oP
/PHvah dv = /th dv  fork >2. (20)

The crucial property is that Hkv vy, 1s computable using only the information on v, provided by its degrees of freedom,
i.e., the values of the linear functionals (C1)-(C3).

In the third and final step, we define the conforming virtual element space of order k > 1 by

VI(P) = {vh € H'(P) :up,, € C(9P), vy, € Pi(e) Ve € 9P,

AUh S IPk(P)7 (Uh - Hkvvha,uh)P =0 V/,L}L S ]Pk(P)\lPk—2(P)} (21)

Remark 3.2 A few remarkable facts characterize these scalar functional spaces:

(©) their definition resorts to the enhancement strategy introduced in [3] for the conforming VEM;
(ii) the degrees of freedom (C1)-(C3) are unisolvent in V;"(P), cf. [19];

(iii) the scalar polynomial space Py (P) is a subset of both V}'(P);

6



W) the -orthogonal projections vy € Py an _1Vuy € k—1 are computabvle for all vy, €
) he L? hog [ projecti Hg Pir(P d H(,i Y% P P 2 bl 1l th
using only the degrees of freedom of vp,.

From (iv), we readily find that for all v, € V} the L2-orthogonal projections II{v;, € [Py (P)] ZandT0_e(vy,) €
]Pifisym(P) are also computable (without any approximation) using only the degrees of freedom of vy,. In particular,
the latter one is the solution of the finite dimensional variational problem:

/Png_l(e(vh)) (el dV = /Pe(vh) ePdv veP e PPFT L (P), (22)
i.e., the L2-projection of the symmetric gradient €(vy,) onto ]Pifisym(P), that (we recall) is the space of symmetric
2 x 2-sized tensor-valued polynomials of degree up to k — 1.

Finally, the degrees of freedom of the global space VZ are provided by collecting all the local degrees of freedom.
We note that the value of vertex degrees of freedom is the same for all the elements to which the vertex belongs.
Similarly, the value of the edge degrees of freedom at internal edges (i.e., shared by two mesh elements) is the same
for the two elements to which this edge belongs. The unisolvence of such degrees of freedom for the global space VZ
is an immediate consequence of the unisolvence of the local degrees of freedom for the elemental spaces V}*(P).

3.3. Virtual element bilinear forms

In the virtual element setting, we define the bilinear forms my, (-, -) and ay (-, ) as the sum of elemental contributions,
which are denoted by m? (-, -) and al (-, -), respectively:

mp(-) : VEXVE =R, with my(wp,vp) = Z my (Wh, V),

PeQy,
an(-) : VEX VP S R, with ap(wp,vi) = Z al (wn,vn). (23)
PeQy,
The local bilinear form m} (-, ) is given by
my (Vi, W) = / pl0vy, - Twy, dV 4 ST (vi, wh), (24)
P

where SP (-, -) is the local stabilization term. The bilinear form m} depends on the orthogonal projections I19v/, and
9wy, which are computable from the degrees of freedom of v, and wy,, respectively, see the previous section. The
local form an(', o VZ X VZ — IR can be any symmetric and coercive bilinear form that is computable from the
degrees of freedom and for which there exists two strictly positive real constants ¢, and o* such that

J*mp(vh,vh) < SZ(Vh,Vh) < o*mp(vh,vh) v € ker(Hg) OVZ(P). (25)

We can define computable stabilizations S,':l (-, -) by resorting to the two-dimensional implementations of the effective
choices for the scalar case investigated in [37, 51]. The one used in our implementation of the method is discussed in
subsection 3.5.

The discrete bilinear form m} (-, -) satisfies the two fundamental properties:

- k-consistency: for all v, € V" and for all q € [P (P)] ? it holds

my (vi,q) = m" (vi, q); (26)
- stability: there exists two positive constants ., p*, independent of h, k and P, such that

et (Vi vi) <mb (v, vi) < pmP(vi,vi) Vv, € VR (27)
The local bilinear form a} is given by

oP (v, wi) = /P DI, (e(vn)) : TI0_, (e(wn)) AV + SP(vh, wn), (28)

7



where SP (-, ) is the local stabilization term. The bilinear form a!’ ” depends on the orthogonal projections II9_, Vv,
and H2_1VW;L, which are computable from the degrees of freedom of vj and wy, respectively, see the previous

section. SP(-,-) : V' x VI — R and can be any symmetric and coercive bilinear form that is computable from the
degrees of freedom and for which there exists two strictly positive real constants 7, and @* such that

E*ap(vh,vh) < S,':l(vh,vh) < E*GP(vh,vh) vy, € ker(H%) QVQ(P). (29)

Note that ST (-, -) must scale like a” (-, ), i.e., as O(1). We can define computable stabilizations S’ (-, -) by resorting
to the two-dimensional implementations of the effective choices for the scalar case investigated in [37, 51]. The one
used in our implementations of the method is discussed in subsection 3.5.

The discrete bilinear form a;) (-, -) satisfies the two fundamental properties:
- k-consistency: for all vj, € VI and for all q € [P (P)] ? it holds
ay (v, @) = a” (i, q); (30)
- stability: there exists two positive constants ., o*, independent of h, k and P, such that
a*ap(v;“vh) < aﬁ(vh,vh) < a*aP(vh,vh) Vv, € th. 31)
Constants o, and o* may depend on i and A. See [22, Remark 6.1] for the independence of k.

Remark 3.3 We will use the stability of both m¥ (-,-) and af (-,-) to prove that the semi-discrete virtual element
approximation is stable in time, i.e., the approximate solution uy,(t) for all t € (0,T] depends continuously on the
initial solutions ug and the source term f.

Remark 3.4 The stability of the symmetric bilinear forms m? (-, -) and a} (-, -) implies that both are inner products
on th, and, hence, that they are continuous. In fact, the Cauchy-Schwarz inequality and the local stability of my
imply that

SIS
W=

mp(Vi, wp) < (mh(vh,vh))%(mh(wh,wh))% < (m(vi,vi)) 2 (m(wp, wp))

< ¥ lpllselvallollwnllo (32)
forall vy, € VZ. Similarly, the Cauchy-Schwarz inequality and the local stability of ay, imply that

1

an(vi,wn) < (an(vi,va))? (ah(wh,wh))% <a* (a(vh,vh))%(a(wh,wh))% =a* (33)

for all v, € V.
3.4. Approximation of the right-hand side

We approximate the right-hand side (13) of the semi-discrete formulation (and, consequently, (14) of the full dis-
crete formulation) as follows:

(Vi) /f 19 ,(vy)dV + Z/ gy -TI(vy) vy, €V, (34)
eeln

where H “(v},) is the L2-orthogonal projection of the components of the virtual element vector field v, on the space
of scalar polynomials defined on edge e. The linear functional F},(-) is clearly computable since we have already
noted that I19(v},) and Hg’e(vh) are computable from the degrees of freedm of v;. Moreover, when gy = 0 using
the stability of the projection operator and the Cauchy-Schwarz inequality, we note that

/ () - TI9_y (vy) dV
Q

We will use (35) in the proof of the stability of the semi-discrete virtual element approximation.

[En(va)| < < [IE@)lo [TR_2(va) [y < ME@)lo [IVally V¢ € [0,7]. (35)




3.5. The hitchiker’s guide of the VEM for the elastodynamics

In this subsection, we present the implementation details that are practically useful and the basic steps to reduce the
implementation of the VEM to the calculation of a few small elemental matrices. In fact, the implementation of the
VEM relies on the L2-orthogonal projection matrices for scalar shape functions and their gradients. Their construction
can be found, for example, in [21].

We build the mass and stiffness matrices of the VEM by applying definitions (24) and (28) to the vector-valued
shape functions generating V’,;(P). Let ¢; be the ¢-th “canonical” vector-valued basis function of the global virtual
element space V}. We define the mass matrix M = (M;;) and the stiffness matrix K = (K;;) by M;; = my(¢;, ¢:)
and K;; = an(¢;, ¢;)., respectively. The stability condition (27) implies that ||@;[|3 < mn(di, i) < ||@il|2 for
every ¢. Therefore, mass matrix M is strictly positive definite (and symmetric) and, hence, nonsingular. Similarly, the
stability condition (31) implies that |¢;|3 < an (s, @i) S |¢i|3. Therefore, the stiffness matrix K is non-negative
definite (and symmetric).

As discussed in the previous subsections, the virtual element space of two-dimensional vector-valued functions
vy, € VJ(P) is built by taking the two components of v, in the scalar virtual element space V}(P). Let ¢; be the
shape function of th(P) that is associated with the ¢-th degree of freedom, so that by definition, its ¢-th degree of
freedom is equal to one, while all other degrees of freedom are equal to zero. Here, we consider the index ¢ (and j
in the next formulas) as running from 1 to N, where N%" is the dimension of V;*(P). Using this convention, the
dimension of the vector virtual element space VZ(P) is actually 2/N9°', Accordingly, the set of “canonical” shape
functions that generate V' (P) is given by vector-valued functions of the form @;* = (¢;,0)” and ¢ = (0, ¢;)7.

For the exposition’s sake, we simplify the notation for the orthogonal projections. More precisely, we use the “hat”
symbol over ¢;, e.g., (EZ-, to denote the L2-projection of ¢; onto the polynomials of degree k. We also denote the partial
derivatives of ¢; along the x and y direction by d,.¢; and 0,¢;, respectively, and, with a small abuse of notation, their
L?-orthogonal projections onto the polynomials of degree k — 1 by 8/@ and 8;51 As discussed previously, all these
projections are computable from the degrees of freedom of ¢;, cf. [21].

Let M = M¢ + M?® and K = K¢ + K?* be the mass and stiffness matrices, that we write as the sum of the
consistence term, i.e., matrices M ¢ and K¢, and stability term, i.e., matrices M?® and K?*. In the rest of this section,
we detail the construction of each one of these four matrix terms.

The splitting of the polygonal shape functions in vector-valued functions like ;" and ¢{°*", where only one
components is actually nonzero, simplifies the expression of the mass matrix significantly. Matrix M€ is, indeed,
block diagonal, each block has size N9 x N9 and its (i5)-th entry is given by

M, = /P 3: 8, dv. (36)

Let IT{ be the projection matrix of the set of scalar shape functions {qﬁz}f\fiﬁ Matrix IT) has size N* x N%5 where
N¥ is the dimension of IP;,(P). The coefficients of the expansion of ¢; on the monomial basis are on the i-th columns
of ITY, so that:

Nk
Gi(,y) =Y malz,y)(IR), - (37)
a=1
Using this polynomial expansion we find that
Nk
ng = Z Qa,s (Hg)a,i (Hg)ﬁ,j’ (38)
a,f=1

where Q is the mass matrix of the monomials,

Qo,p = /P mg(z,y) ma(z,y) dV. (39)
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The equivalent matrix form is

M = (1)) " QTIY. (40)
The stability matrix used in this work is obtained from the stabilization bilinear form
2Ndofs
Sp(Vi, wi) = phi Z dof(vp) dofe(wp), (41)
r=1

where 7 is the cell-average of p over P. We recall that £ runs from 1 to 2N since N9 is the number of degrees of
freedom of the scalar virtual element space. Using ¢;” = (¢;,0)7 and ¢ = (0, ¢;)” for the vector basis functions,
the stability part of the mass matrix is provided by the formula:

2Ndof>

My, =g 3 [aof (1~ 1)) dofe (1 — 1))
{=1

+ dofy (1 — 1Y) @™ ) dof, (1 — I13) ™) (42)

Using ¢ = (¢,0)T and ¢ = (0, $;)T for the vector basis functions, the stability part of the mass matrix is
provided by the formula:

(1-m)” (1) 0
M;; = php - ) (43)
0 (T—1m)" (T 1)
The block-diagonal structure above is induced by our choice of using the vector basis functions ¢;* = (¢;,0)7 and
P = (0, 4)".
The situation is more complex for the stiffness matrix, where the splitting “up — down” induces the 2 x 2 splitting:
FC-up-up Kc,up,down

K= : (44)
Kc,down,up Kc,down,down

To detail each one of these four submatrices, consider first a generic vector-valued field w = (w,, w,)”. From the
standard definition of the tensor fields e(w) and o (w), we immediately find that:

1
Oz Wy = (Opwy + Oywy)
ew)= |, 2 (45)
5(8wwy + Oywy) Oywy
and, according to (8),
(20 + X)Oywy + ANOywy  p(Ozwy + Oywy)

o(w) = . (46)
w(0pwy + Oywy)  ADpwg + (20 + A)Oyw,

dofs
Then, we take w € {7, d)gow"}il , so that
1
0 78&: [
5026

1
50201 Oydi

1
0z 0 53@/@
1 ; (™) =
§3y¢i 0

e(dF) = (47)
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and

o) = ;o) = : (48)
pOy bi DYoot pOzpi (20 + N)Oy i

Using such definitions, a straightforward calculation immediately provides us the formulas for the stiffness submatri-
ces:

K¢ =/Pa/<¢;7>:s@\;"vdv =<2u+A>/P@aZ&dv+u/Pa/y¢>78§%dw
K™ = [ o(@): @) av = [ 3,80,60 dV 4 [ 0.3, 0,6. av.
P P P
- - (49)
Koo /P o (@I): e(¢P) dV = A /P 8,0; 0odi AV + 1 /P 8.0, 0,01 dV,

Ky [ (g (@) av = u [ 905 0000 aV -+ u+ ) [ 5,3;0,6, av.

A thorough inspection of these formulas reveals that we only need the two projection matrices HZ’fl and Hgf’l such
that

Nlc—l Nk—l
0oi(x,y) = Y malw,y) (T, Oydilw,y) = D malz,y) (TY), (50)
a=1 a=1

and the four additional matrices involving the derivatives of monomials up to the degree k:

aﬁf/amgama,d‘/ aﬁf/amﬁﬁma,dv
yﬁ—/ﬁmﬁama,dv aﬂ—/amgama,dv
Using such matrices we can reformulate the entries of the four subblocks of matrix K¢ as follows:
c,up,u _ T 0,z 0,z T 0, 0,1
K . = (2/~‘+)‘)2Qa,ﬁ (Hk—l)a,i (Hk—1)ﬁ,J +/‘ZQy Hkyl) (Hk yl),&j’
a,pB
c,up,down 0,z 0, 0, 0,z
Kijup ’ #ZQ () (Hkyl),@ ; +)\ZQ Hkyl (Hk 1)/3
(5D
c,ds 1
K AZQ (71 o (T2 5, +uZ 7 (TR o0 (T 5
c,down,down 0, z 0,z 0, 0,
Kij ° - MZ H a,i (Hk—l)ﬁ,j + 2'“ + )‘ ZQQ,B Hkijl>a7i (Hkgl)ﬁ,j'
a,p
The equivalent compact matrix form is:
C O,!L’ T xrT O,ZE U, T U,
Ko = 2u+ N(I5)" QU It +u(ILY)" QUILY,,
c,u W 0,2 \T ~zx 0, 0, T z 770,%
Kewdm = (M) Q™ I, +A(ILY)" QU I,
(52)
c,down,u 0, T ~z 0, 0, T T 0,
Kedvme = A\ ILY) T QUL +u(IRY) QU ILY,,
(& wn wn » L T a s T 94 T 24
Kodommaonm — (I)"))" Q7 I, +2p+ N (IRY) QUITY,.
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The stability matrix used in this work is obtained from the stabilization bilinear form

2Ndol’s

SP (v, wi) = max(27, X) Z dofy(vy,) dofy(wy,), (53)
=1

where 77 and )\ are the cell averages of 4 and )\, respectively. Since we assume that the Lamé coefficients are constant,
72 and ) are respectively equal to i and \. We recall that index £ runs from 1 to 2N because N is the number
of degrees of freedom of the scalar virtual element space. Using ¢;" = (¢;,0)T and ¢ = (0, ¢;)T for the vector
basis functions, the stability part of the mass matrix is provided by the formula:

dofs

K;, = max(2m, %) Y {dofg ((1=17") o) dofe ((1- 1Y) oi?)
(=1

+ dof, ((1 - HZ’P> ¢;‘.°W“) dof, ((1 - HZ’P> ¢;‘.°W") } . (54)

The stability matrix can be written in block-diagonal form, and in this work we consider

_ |-y’ (1-my) 0
K°® = max (2@, \) ) (55)
0 (1-my)" (1-1my)

where ITY is the elliptic projection matrix for the scalar case. An alternative formulation can be obtained by consid-

ering the orthogonal projector H%P instead of the elliptic projector Hkv’P in (54), and, consistently, the orthogonal
projection matrix IT) instead of ITY in (55).

4. Stability and convergence analysis for the semi-discrete problem

The main results of this section are stated in Theorems 4.5, 4.6 and 4.8, which respectively prove the stability and
convergence in the mesh dependent energy norm that will be introduced in (58) and the convergence in the L?()-
norm. For exposition’s sake, we set p = 1 1in (3), (9) and (24) and g = 0 in (5), (11) and (34).

4.1. Technicalities and preliminary results

To carry out the analysis of this section and derive a priori estimates, we need the error estimates for piecewise
polynomial approximations and interpolation in the virtual element space VZ that are stated in the two following
lemmas.

Lemma 4.1 Let P () be the space of discontinuous polynomials of degree up to k defined on mesh Qy,. Under the

mesh regularity assumption (A0), for all u € H™+1(Q), m € N, there exists a vector-valued field u, € []Pk(ﬂh)] ?
such that

pHtL .
Ju=tglly S popy [l g = min(ie, ), m >0,
I (56)
|u - u77|1,h 5 W HuH'm—‘,-l ,LL = min(k,m), m Z 1
Proof. The assertion of the lemma is proved in [22]. O

Lemma 4.2 Under the mesh regularity assumption (A0), for allu € H™1(Q), m € N, there exists a virtual element
interpolant u; € VI such that

12



hotl .
Jn =il £ o Tl = mingkm), m >0
(57)

1%
\u—u[|1 S Tm ||u||m+1 p = min(k,m), m > 1.
Proof. The assertion of the lemma is proved in [34]. O

Remark 4.3 The L?-estimate provided by Lemma 4.2 is suboptimal in k as we have a dependence like k™ instead
of k™ T in the fraction denominators. Nonetheless, as observed in [22], whenever the components of u are the
restrictions to S of analytic functions, it is still possible prove that the rate of convergence in terms of m is exponential.

4.2. Stability

The semi-discrete virtual element approximation of the time-dependent linear elastodynamics problem in varia-
tional form is stable and convergent, cf. Theorems 4.5 and 4.6 below, which are the main results of this section.
Moreover, we state Theorems 4.5 and 4.6 below by using the energy norm

Ivn(®)lI* = |

which is defined for all v € V. The local stability property of the bilinear forms my, (-, -) and ay (-, -) readily imply
the equivalence relation

1 2
PVt + i@, tel0.TI, (58)

m(Vi, Vi) + an(vi, vi) S IIVa@)II° < ma(¥n, Vi) + an(vi, vi) (59)

for all time-dependent virtual element functions v, () with square integrable derivative v (¢).

Remark 4.4 The hidden constants in (59) may depend on the stability parameters L., ¥, o, oF, the regularity
constant ¢ of the mesh, and the polynomial degree k (see [22, Remark 6.1] for more details). However, they are
independent of the mesh size parameter h.

Theorem 4.5 Let f € L*((0,T]; [L?*(Q)]?) and let u;, € C%((0,T); V}) be the solution of (13). Then, it holds

t
[lFan @O Ml (o)l +/O 1£(7)llo 0 d7- (60)

Proof. We substitute v, = 0, (t) in (13) and, for all ¢ € (0, T'], we obtain
mp(Up, p) + ap(Up, 0p) = Fp(ap). (61)

Since both my,(+, -) and ay (-, -) are symmetric bilinear forms, a straightforward calculation yields

1d

iﬁ(mh(flh’ ) + an(up, up)) = mp(ip, ay) + ap (g, ap).

We substitute this expression in the left-hand side of (61), we integrate in time the resulting equation from 0 to the
intermediate time ¢, and using the definition of norm ||| - ||| in (58) and the equivalence relation (59), we find that

s (O < mn (i (), i (£)) + an (i (), wn ()
— 1 (12, (0), 10, (0)) + a, (0, (0), wp (0)) + 2 / Fi (i (r))dr

< [l ()1 + / Fa(ity (7)) dr.

Since u (0) = (up)s, and using (35) (with v, = 1), we find that

@17 S (o) I +/O Fy (n(r))dr S [l (wo)1 +/0 1E(T)llo lan(7)lg dr

The thesis follows on applying [29, Lemma AS5, p. 157]. O
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4.3. Convergence analysis in the energy norm

In this section, we prove the convergence of the semi-discrete virtual element approximation in the energy norm
(58). A priori error estimates of the approximation error are derived from Theorem 4.6 as a corollary, which is reported
at the end of the section, by using approximation results for discontinuous polynomial and virtual element spaces.

Theorem 4.6 Let u € C?((0,T); [H™1(Q)]?), m € N, be the exact solution of problem (12). Let uy, € V}. be the
solution of the semi-discrete problem (13) under the mesh regularity assumption (A0). Then, for all t € [0,T) and all
discontinuous polynomial approximations u, (t) of u(t), it holds that

l[a(t) —un(@®)l[| < sup Go(r) +/ G1(r)dr, (62)
T€[0,T] 0
where
Go(7) = |[a(r) —ar(7)[lp + [u(r) —ur(r)l + [u(r) — ux (7)1, (63)
Gi(r) = [[a(r) — s (7)lly + [[a(7) — Gr(7)llg + [a(r) — ar (7)1 + [a(r) — (7))
+ sup [E(vh) = Fn(va)| 64)

vhEVE Vil

Proof. Since VZ is a subspace of V, we can take v, € VZ as test function in (12) and substract from (13) to find the
error equation:

m(a(t), vy) — mp(@n(t), vy) + a(u(t), vy) — ap(an(t), vy) = F(vy) — Fr(vi), (65)
which holds for all v, € VZ. Next, we rewrite this equation as T; + To = T3, with the definitions:
T1 == m(d,vp) — mp(tn, va),
Ty :=a(u,vy) — ap(up, vp),
T3 = F(vi) — Fu(vn),

where we dropped out the explicit dependence on ¢ to simplify the notation. We analyze each term separately. First,
we rewrite T; as

Ty = mp(ir — Op, vp) +m(d — Gy, vi) — mp (i — g, vp)

by adding and subtracting ii; and 1, to the arguments of m/(+, -) and my,(+, -) and noting that m (i, vp,) = mp(Ur, Vi)
for all v, € VZ. We also rewrite To as

To = ap(ur —up, vi) +a(u — ug, vy) — ap(ur — ug, vip)

by adding and subtracting u; and u, to the arguments of a(-, -) and ay, (-, -) and noting that a(u,,vy) = ap(ur, vy)

for all vj, € Vﬁ. Let e, = u; — uy,. It holds that e, (0) = é,(0) = 0 since u,(0) = (uo(O))I = uy(0) and
u;,(0) = (u1(0)) ; = uz(0). Then, using the definition of ey, we reconsider the error equation
T +Ty = mh(éh,vh) + ah(eh,vh) + m(u - ﬁ.,r,Vh) - mh(ﬁj — fl.,r,Vh)
+a(u—ug,vpy) —ap(ur — ug,vy) = F(vy) — Fr(vp). (66)
Assume that vy, # 0 and consider the inequalities:
F(vy) — Fp(v F(vy) — Fp(v
(F(va) — Fa(vi)| = [F'(vi) = Fu(va)] il < [ sup [F'(vi) = Fr(va)| valh. 67)
Vhl1 VeV {0} Vh|1

Note that there hold:
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d
pr (mn(€n,en) + anlen,en)), (63)

N —

mp(€n,€n) + an(en, ) =

. . F(vy) — Fy(v
F(en) = Fu(en) < [ sup ECR ZEVWIY 0 (69)
v EVE\{0} [Vil1

Setting v, = €5,(t) on the left-hand side of (66) and employing (68)-(69) together with (65), we obtain, after rear-
ranging the terms, that:

1d .. e . ..
§E(mh(ehaeh)+ah(emeh)) < —m(id— Uy, &) + my (U — Ur, €p)
—a(u—ug,é,) +ap(ur —urg, ép)
F(vy) — Fp(v
T o 1001 TP (710)
vrEVI\{0} Vil

To ease the notation, we collect together the last two terms above and denote them by R (¢) (note that they still depend
on t). We integrate in time from 0 to ¢ both sides of (70), note that the initial term is zero since e (0) = €,(0) = 0
and use (59)

llen@)III* < ma (€n(t), en(t)) + anlen(t), en(t)))

< /0 (Ri(7) = m(ia(r) = iin(7), en(r)) + o (i (7) = in(7), 61 (7))

— a(u(r) — uﬂ(T),éh(T)) + ay, (UI(T) — uﬂ(r),éh(f))) dr. (71)

Then, we integrate by parts the integral that contains a(-, -) and a(+, -), and again use the fact that e, (0) = é,(0) = 0,
to obtain

llen(®II” < [ (Rur) + [ = m((r) = i (7). 0(r)) + ma(is (7) = in (). (7))
n [a(u(T) — i, (1), en(r)) — an (i1 (1) — i1, (7), eh(T))}) dr
n [ — a(ut) — un(t), en(t)) + an (ur(t) — ug(t), eh(t))]

_ /0 t (Ru(r) + Ra(r) + Ra(r)) dr + Ru(0). (72)

where terms Ry, ¢ = 2, 3, 4, match with the squared parenthesis. For the next development, we do not need an upper
bound of term R;. Instead, we have to bound the other three terms in the right-hand side of (72). To bound Ry we use
the continuity of m(-, -) and my,(+, -) and the definition of the energy norm ||| - ||| given in (58):

IR2| < [m(i — i, &x)| + [mp (i — Gir, €x)] < (||u— i.17T||0 + [[tr _ﬁwno) HéhHo
< (i = il + llir — ielly ) Mlenll] - (73)

Similarly, to bound R3 we use the continuity of a(+,-) and ay(+, ) and the definition of the energy norm ||| - ||| given
in (58):

IRs| < |a(i — iy, ep)] + |an(ity — r, €4)] < (J0— 0rip + |07 — 0c|1) |en)y

< (Ja = ax|n + ay —g1) el - (74)
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Finally, to bound R4 we first use the continuity of a(-,-) and ay (-, ), and the right inequality in (59); then, we apply
the Young inequality, so that

|Rs4| < |a(u — ur,en)| + |an(ur — ur, ep)] < (|11 —Ug|y + Jur — u7r|1) len|r

1 2 €
< (Ju—ugly + [ur —ugly) [[len]l] < Z(Iu — g+ ur —ugy)” + 3 llenll”- (75)

Using bounds (73), (74), and (75) in (72), we find the inequality

llenII? < G2(t) / G1(7) lllea()l dr<<sup Golr ) / G (7) llen(m)| dr,

T€(0,T

where ég ) = (lu(r) = ur(N)|1,n + [u(r) — ug (T)|1,h>2, and Gy(t) and G4 (t) are the time-dependent functions
defined in (63)-(64). Again, an application of [29, Lemma AS5, p. 157] yields

llen(®l £_sp_ Golr /01

TE,

The theorem follows on using the triangular inequality

Ia(®) =wn @Ol < [llu() —ar @} + [[lur ) = ua @)

and noting that [|lu(t) — uz(¢)||| is absorbed in sup, (g 7 Go(7)- O

Corollary 4.7 Under the conditions of Theorem 4.6, for f € L*((0,T); [H™ ()] 2) we have that

su u(t) —u 5— su u(t + [[u(t
2 llu@) — @l S g s (60 s + 00 )

T hutl Bt )
(B O8O s+ 18 0) + o 5+ 90) )

T
+ / h[(I —TR_y)E(r)]|, dr, (76)
0

where p = min(k, m).
Proof. Note that

Fu(vp) = / £ _,vy, dV = / 9 _of - vy, dV. (77)
Q Q
For all vj, € V! it holds that

F(va) — Fu(vi)| = ] [a-ngr, dv’ _

/ (I —T1)_o)f - (I —TI))vy, dV
Q

=[|(/ —Mj_ fy|0 ||(1 —T119) vhy|0 RIT =TI _)f|lo [Vl (78)
Hence,
F - F
sup L0 = FROL g (79)
vAEVI\{0} Vi1

Estimate (76) follows on applying this inequality and the results of Lemmas 4.1 and 4.2 to (63) and (64), using the
resulting estimates in (62), and taking the supremum on the time interval [0, T']. |
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4.4. Convergence analysis in the L? norm

The main result of this section is the following theorem that proves the L?-convergence (with suboptimal rate) of
the conforming VEM. The strategy we use in the proof is inspired by Ref. [18], using also the substantial modifications
required to set it up in the virtual element framework found in [1].

Theorem 4.8 Let u be the exact solution of problem (12) under the assumption that domain Q) is H?-regular and
u, € VZ the solution of the virtual element method stated in (13) under the mesh assumptions of Section 3.1. If

u,u, i € L2(0,T; [H™H(Q) N Hg ()] 2), with integer m > 0, then the following estimate holds for almost every
t € [0,T] by setting yn = min(m, k):

i hitL
[[a®) = un(®)lly < lun(0) = wolly + [14x(0) —waflo + =7 ( 1l L2 0, 7y mrm+1 (yp2)

T
+||1'1\\LZ(o,T;[HmH(ﬂ)P)+||u||L2<o,T;[Hm+1<Q>P)) +/O 1(1=T_,)E(0)||ydr. (80)

The constant hidden by the “<’notation is independent of h, but depends on the regularity constant ¢ of the mesh,
the stability constant j1*, and may not grow faster than exp(T?) with respect to the final integration time T.

To prove this theorem, we need the energy projection operator Py, : [H llo (Q)] . V7, which is such that P,u €

V7, for every u € [H%D Q)] ?_is the solution of the variational problem:
an(Pru,vy) = a(u,vy) Vv, € VI (81)

The energy projection P u is a virtual element approximation of the exact solution u, and the accuracy of the approx-
imation is characterized by the following lemma.

Lemma 4.9 Let u € [H™(Q) N H{(Q)]? be the solution of problem (12) under the mesh assumptions of Sec-
tion 3.1. Then, there exists a unique function Ppu € VZ such that

i
lu—Pruli s < T lall sy (82)

with ;1 = min(k, m) and m > 1. Moreover; if domain §) is H?-regular; it holds that

hitl
It =Pruflo S Z ltlln - (83

Proof. The argument we use in this proof is similar to that used in the proof of [63, Lemma 3.1] for the conforming
virtual element approximation of a scalar parabolic problem. Nonetheless, our proof herein differs in several points
due to different problem, the vector nature of space VZ and use the hp-interpolation estimates of Lemmas 4.1 and 4.2.

First, we note that the bilinear form a, (-, -) is continuous and coercive on VI x V7, the linear functional a(u, -) is
continuous on VZ, and the Lax-Milgram Lemma implies that the solution P, u to problem (81) exists and is unique.
Then, to prove estimate (82), we introduce the virtual element interpolate u; of u, which is the function in VL” that has
the same degrees of freedom of u and satisfies the error inequality given in Lemma 4.2. A straightforward application
of the triangular inequality yields:

lu—Prul; < |u—ug|; + |ur — Pruly, (84)

We estimate the first term on the right by using the first inequality in (57). Instead, to estimate the second term we
need the following developments. Let d;, = Pru — uy and u, any piecewise polynomial approximation of degree (at
most) & that satisfies inequality (56) on each element P. Using the k-consistency property, stability, and the continuity
of the bilinear forms a;, and a yield the development chain:
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aul6n[7 = @wa(bn, 0n) < an(On,6n) = an(Pru, 6n) — an(ur, 6,) = a(u,dy) — an(ur, o)

Z (ap(uﬁh) —af (uy, §h))

PeQy,

= Z (ap(u—uﬂ,csh)—aﬁ(uf—uméh))
PeQy,

<> (Iu—uﬂh,PJra*\uz—uw\l,P)\5h|1,P
PeQy,

< max(1, ") (Ju = ey + [ur = uelin ) 19n
Therefore, it holds that

|Pru—uslin S (|11 — Ug|1p + ur — u7r|1,h) S <2|11 — Ug|1p + |ur — u|1>.
Inequality (82) follows on substituting this relation in (84) and using (56).

To derive the estimate in the L?-norm, we consider the weak solution ¢ € [H?(Q)] ’n [HE_(Q)] ? to the auxiliary
elliptic equation:

—V-o()=u—Ppu inQ,

Y=0 onT,
which satisfies, as ( is an H2-regular domain, the following stability result:
[4ll2 < Cllu = Prulfo. (85)

Let ! VZ be the virtual element interpolate of 1) that satisfies the interpolation error estimate given in Lemma 4.2
(with m = 1). We integrate by parts and use the definition of the energy projection Pp:
lu—Prull2 = (u—Pru,u—Pru) = (u—Pyu, —V - o()) = a(u — Pru, )
= a’(u - Phua 1117 - ¢I) + a(u - Phuv 1/}1)

=T, +Ts. (86)
The proof continues by estimating each term T, i = 1, 2, separately. The first term is bounded as follows:
Rt
IT1| = [a(u = Pru, 9 — )| < [la — Prullin |v — ' [l1n S o 0]y el

il
S e [l [ = Pl

where we used the estimate in the energy norm (82) derived previously and interpolation error estimate (57). For the
second term, first we use the consistency and stability property to transform T as follows:

To = a(u,9’) —a(Pru,g’) = 3 (aﬁ(?’huﬂpl) - aP(Phu,¢f))

PeQy,
= > (af (Phu = ur, 9" = 14p) — aP(Pru — ug, 9! — ) ) .
PeQy,
Then, we add and subtract u and 1 and use estimates (56) and (57) to obtain

ITo < max(1,a*) Y [Pou—ugliplep’ — 3|1 p

PeQy
< max(1, a*) Z (|Pru—ulip+ |u—uxlip) (W,I —Ylipt|Y— H?¢/’|1,P)
PeQy,
R hptt
<Y k%|u|m+1,|:’ helpplap S kT|u|m+1‘|¢||2
PeQy,
hHtT
N WIH\mHHu — Prulfo,
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and the bound of Ty is derived by using in the final step the H 2-regularity of 1. The estimate in the L?-norm is finally
proved by collecting the estimates of the two terms T;, 7 = 1, 2. |

Proof of Theorem 4.8. We use the energy projection to split the approximation error as follows: u(t) — u,(t) =
p(t) —n(t), with p(t) = u(t) — Pyu(t) and n(t) = uy(t) — Pyu(t). Since VI is a subspace of [HE ()] ? to derive
the error equation, we test (12) and (13) against v, € VZ

m(i, vy) + a(u,vy) = F(vy),
mp(Un, Vi) + an(an, vi) = Fp(vh),
and take the difference
my,(n, va) + ap(ap, vi) — (m(i, vi) + a(u, vi)) = Fy(vy) — F(vy). (87)

We add and substract Py, 11 and Ppu in the virtual element bilinear forms m, and a;, and rearrange the terms containing
1 and u to the right-hand side to obtain:

my (U, — Prid, vp) + ap(up — Pru,vy) = Frp(vy) — F(vp) + m(i, vy) + a(u, vp)
—mp(Ppit, vp) — ap(Pru, vy). (88)

Since (81) implies that a(u, vj,) — ap(Pru, vi,) = 0, and using the notation 7 = @, — Prit and 1 = uy, — Pru, we
obtain

mp (1, vr) + an(n,vi) = Fn(vy) — F(vi) +m(id, vy) — my (P, vi). (89)

Hereafter in this proof, we will assume that

3
va(t) = / n(r)dr (90)
t
for every t and £ € [0, T]. The function v, (¢) given by (90) obviously belongs to the virtual element space VZ as it is

a linear superposition of virtual element functions in such a space and, thus, can be used as a test function. Since now
v}, depends on time ¢, we are allowed to consider its time derivatives. In particular, we observe that the straightforward

calculation
d d(u_u) d Vi( —n) _%df_%dﬁ+v‘l27p_v‘l2l
h hdt pP—M)| = hdtQ hdtQ

at \Var T dt dt  dt dt
implies the identity
mp (1), Vi) = —mu(n, Vi) — Emh(u —ay,vp) +mu(P, Vi) + mn(p,vn). 91)

Therefore, using (91) in (89) yields
—mp(N, V) +an(n, vi) = Fp(ve) — F(vi) + m(, vi) — mp(Prit, vi)

d . N L
+ Emh(u — 0, Vi) — mp (B, Vi) — mn(p, Vi) (92)
We rewrite the approximation error on the source term on the right-hand side of (92) as follows:
Fh(vh(t)) — F(Vh(t)) = m(fh(t) — f(t), Vh(t)), (93)

where £, (t) = H%fzf according to (34). Following [1], we consider the integral quantities

Ai(t) = /O (Fu(r) — £(r) )dr,  As(t) = /0 i(r)dr,  As(t) = /O Ppii(r)dr, 94)

and note that
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d

Fp(vi(t)) — F(va(t)) = Em(Alvvh) m(Ai,Vn), (95)
d
m(u, Vh) = Em(.Ag, Vh) — m(Ag, \"h), (96)
d
my (Ppit, vy) = Emh(-AB»Vh) —mp(Asz, V). 97)
Hence, using (95), (96) and (97) in (92) yields
2
d d
— mh(fh‘.’h) + ah(T],Vh) = Z |:dtm(.,4i7vh) — m(.Ai,\'/h)] — |: dtmh(.Ag,Vh) mh(Ag,Vh)
i=1
d . .. .
+ —mp(a —ap, vp) — mp(P, Vi) — mi(p, V). 98)

dt
To prove the assertion of the theorem we integrate both sides of (98) with respect to ¢ between 0 and &; then, we
estimate a lower bound for the left-hand side and an upper bound for the right-hand side.

To estimate a lower bound for the left-hand side of (98), we note that vi, = —n, v (§) = 0 and a (v, (0), v (0)) >
0 from the coercivity of ay. Thus, we estimate the left-hand side as follows:

13 13
/ [LHS of Eq. (98)] dt = / [mh(ﬁ,n) - ah(\‘fh,vh)} dt
0

0
= /£ 1d [mh(n,n) - ah("h»"h)} dt
0

2 dt
1 1
= 3 [mam(©).1(€) = ma(m(0).n(0)| = 5 [an(va(&), va(€) = an(va(0), va(0))]
> 2 (ma(n(€),m(6) — ma(m(0),m(0))). ©9)

To estimate an upper bound for the right-hand side of (98), we note that .4;(0) = 0 for ¢ = 1,2, 3 and use again the
fact v, (&) = 0. So, for i = 1,2, a direct integration yield

Er d 3
v = m(As i) ] de = m(A(€), v (€) = m( A0 v () [ (i)
0 0

dt
§
_ —/ m(Ay, vp) dt (100)
0
and, similarly,
Srd
/ {dtmh(v‘l?nvh) mh(A?,ﬂ"h)}dt:mh(A3(§),Vh(€)) mp (A3 (0 /mh Az, Vvy)d
0
€
7/ mn(As, V) dt. (101)
0

Using (100) and (101) in the right-hand side of (98) and rearranging the terms yield

3 3
/0 [RHS of Eq. (98)] d / m Al,vh)dH/ (mn(As, Vi) —m(Az, V) ) dt
+ [ ma(a(€) = (), vi(©)) — mn(@(0) — (0, v (0))
3
= [ (o) ma 90 ) e = La(€) + L)+ Laf6) + Li(©)
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The proof continues by bounding the four terms L;(§), i =, 1,2, 3, 4, separately.

Estimate of term L;. To estimate L;, we first note that m(+, -) is an inner product, so we can apply the Cauchy-Schwarz
and the Young inequalities to derive the following bound, which holds for any ¢ € [0, &]:

(A, 1 )] < MO 1900l < 5 @13+ 5 INa I3 (102)

We estimate term [|.A; (¢)||, by applying Jensen’s inequality and Fubini’s theorem to exchange the integration order

i = [ |[ e - we)i] o< [ o [10-msefa)a
:T/Ot< Q|(I—H2_2)f(7-)|2dV)dTST/O (1 = T19_,)E(r)|| 2 dr
gT/OTH(I 9_,)£(r)|| dr. (103)

We use (103) in (102) and the resulting inequality in the definition of L;; then, we note that the last integral in (103)
is on the whole interval [0, T, and is, thus, independent on ¢. Since & < T and by using the Young’s inequality, we

readily find that
3 ' 1 r¢ ) 1 r¢€ ' 5
< [ Im(A@), V() dE < o | [A@)llg dt+ 5 [ Vel di
0 2 Jo 2 Jo
T2

3
[ mtst.saie)
T , )
§7 . ||(1—H272)f(r)]\0dr+%/0 ||\"h(t)H§ dt.

2

L1 ()]

IN

Estimate of term Ly. Let i, be any piecewise polynomial approximation of degree at most k of i that satisfies
Lemma 4.1. Now, consider the piecewise polynomial function defined on mesh 2, that is given by

(As)r = /0 i (1)

Then, we start the estimate of the integral argument of L, by using consistency property (26) to add and substract

(-’42)#:

|m( Az, Vi) — mp(As, vp)| = |m(Az — (A2)x, Vi) — mp(As — (A2)x, Vi) add and subtract As |

= |m(Az — (A2)x, Vi) — mp(Az — A2, Vi) — mp(Az — (A2)x, Vi)

use triangular inequality]

< (4 1) Mo = (Ao)allg + 1" [1s = Aslly ) ¥l

[
[
< Im( Az — (A2)r, V)| + [mu(As — Az, vi)| + [mn(Az — (A2)x, V)| [use (32) and continuity of m]
[note that * < 14 p*]
[

<(1+p” (HAQ_ (A2)xllg + 1Az — Azl > Vnllo use Young’s inequality]|
1+ 2 (L4p) .
(s — (oelly + s — Aol )+ D o fuse (ot 092 < 202 4 27
+ ).
<t (HA2— (Aol 145 — Aol ) + LD o 2

To estimate || Az (t) — (As(t))x||2, we start from the definition of A (t) and (A (t)):
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2
[use definition of L?(£2)-norm|

[ Ax() — (As(t |H/ i(r) — in () dr

0
= / / (u( ) — (7 ))d’]’ dv [use Jensen’s inequality|
alJo
¢
< / (/ (1) — e ()] d7> av [apply Fubini’s Theorem|
o \Jo
¢
= T/ </ [ii(7) — fin(7) dV) dr [use definition of L?(£2)-norm|
0 Q
¢
:T/ [i(r) — i (7)||3 dr [apply Lemma 4.1 |
h2(u+1) - , » ,
kg(m_H) / a( m+1 [use definition of L*(0, T; [H™*(£2)]?)-norm]

h2(p+1)
22(mt1) ||u||L2(o T;[Hm+1(Q)]2) -

Similarly, to estimate ||.A3(¢) — Az (t)HO, we start from the definition of A3(¢) and A (t):

2
[use definition of L*(£2)-norm)]
0

450~ 401 = | [ (Pusr) = s )ar

2
= / / (Phﬁ(T) —u(r ))dT dv [use Jensen’s inequality|
alJo
t
< / (/ Pria(r) — i(r)]? dT) av [apply Fubini’s Theorem|
a \Jo
t
< T/ ( Pria(r) — (7| dV) dr [use definition of L?(£2)-norm)]
o \Jo
t
=7 [ IPir) ~ i) dr [apply Lemma 4.9]
0
h2(p+1) o N , _— ,
S T /o [G(7);, 1 d7 [use definition of L?(0, T; [H™!(£2)]?)-norm|
h2(p+1)
~ TT ||uHL2 0,T;[Hm+1(Q)]2) *

Using the previous estimates, and noting that the integration on the time interval [0, {], £ < T, produces an additional
factor T, we obtain the final upper bound for term Ly:

¢ , < o 2kt 1+u
IL2(§)] < ; [mp(As, Vi) — m(Az, vp)| dt ST THUHB(OT(HMI(Q))?) || Vullo dt.

Estimate of term Ls. Since v, (£) = 0 by definition, term L3 only depends on the approximation error on (0) = uy,
i.e., the initial condition for u. Using (32) and Young’s inequality yield:

ILs(E)] = ma((0) —1n(0), va(0))] < p* [[a(0) = @ (0)llg [[va(0)lg

U o) — a2 + L vl

IN

Estimate of term L,. We start from the definition of term L, and apply the triangular inequality to find that:
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3 13 13
ILs(&)] = /0 (mh(i",vh)+mh(lj>"/h))dt S/O Imn (P, vn)l dt+/0 |mu(p, V)| dt. (104)

Both terms on the right depend on the exact solution u and its approximation provided by the energy projection Py u.
We bound the first term by starting from (32):

3 3
/ (B, va)| dt < u* / 1811, lIvall, dt [use Young’s inequality]
0 0
* 13 * 13
< M—/ HpHg dt + 'LL/ HVhH(QJ dt [apply Lemma 4.9 to p)]
p* hAe D) L e
< T / a2, dt —/ lvally dt [use definition of L*(0, T; [H™()]?)-norm]
b2y

1 / val? dt.

Similarly, we bound the second term by starting from (32):

3 €
/ | (P, vi)| dt < ,u*/ 1ollo IVnlly dt [use Young’s inequality]|
0 0
* g * g
< /L/ HpHg dt + 'u—/ H\'/h||g dt [apply Lemma (4.9) to p|
< w pAy | dt + — ||v H dt [use definition of L2(0,T; [Hm“(ﬂ)]z)-norm]
~ 9 k?m m+1 hilo » 5
u h2(p+1)

. 2
S o Tpem Hu||L2(o,T;[Hm+1(Q)]2 + ?/0 [Vallg dt.

Using these two estimates in (104), we immediately find that

w h2(p+1)

€
L@ S g (160 s s + 0o garmonca )+ [Nl e (109

Estimate of |||, and conclusion of the proof. On collecting the upper bounds of L;(§), i = 1,2, 3,4, and using the
lower bound (99), we have that

1o 0|5 = pem(n(€), m(€)) < mu(n(€),n(€))

T
. . 2
< (m(0),m(0)) + [[2(0) — t (0)]2 + T / (1 -1 ,)E()|[2dr

h2(p+1) L9 9

+ T2m (||u||L2(o,T;[Hm+1(Q)]2) + 17 ||uHL2(0,T;[Hm+1(Q)]2))
5 . 2 5 2

4 / ¥nl2 dt + / Ival? d. (106)

0 0

We estimate the first term in the right-hand side of (106) by using property (26), the definition of 1(0), adding and
subtracting Ppu(0), and estimate (83):

ma(1(0),7(0)) < 1" [In(O)[13 = 1 [[ur (0) — Pru(0)]3

< 20" [[up (0) — w(0)[[5 + 24" [[u(0) — Ppu(0)]3

< [Jun(0) = wollg + =55 ol - (107)

We also estimate the last integral term in (106) by using the definition of the L?(£2)-norm, definition (90), Jensen’s
inequality, and Fubini’s Theorem to change the integration order:

23



||vh<t>||§/Q\/fn<7>dv2dvs/9|st (/5 |n(7)|2d7> av

£ 13
—le—4] / ( /Q in(r) dv)dTST / ()2 dr (108)

/j”vh(t)'g dt = (T/;|n(7-)||(2)dr> (/: dt) <17 /0§||17(7—)||(2) ir (109)

Using estimates (107) and (108) in (106) and recalling that v;, = —n, we find that

and

T
(€115 < [u(0) = un(0)]Ig + [[a(0) — ax (0)]lg +T2/0 (1 =11 _o) ()| dr

h,2('u‘+l) 2 <12 2 12
gz (100l a2 0 73gam s g + T 8l 20 s (o))

£
(14 T?) / (|1 dt. (110)
0

An application of Gronwall’s inequality yields, for (almost) every ¢ € [0, T, the desired upper bound on 1(t):

ln(®)ly < C(T) ( ) = w0}l + [130) = @)l + [ (1~ 1 )¢l r

it . .
+ km (‘u0|5+1,ﬂ + ||u||L2(O,T;[H’"+1(Q)]2 + HuHL2(07T;[Hm+1(Q])2) )), (111)

where C(T') ~ exp(T?) and the constant hidden in the “<” notation depends on y* and the mesh regularity constant g,
but is independent of 4. Finally, we prove the assertion of the theorem through the triangular inequality |ju;, — u|, <
llpllo + ||mll, and, then, on using (82) to bound p and (111) to bound 7. O

Remark 4.10 The L? estimate in Theorem 4.8 is suboptimal in k because of the suboptimality of the invoked results
contained in Lemma 4.2.

5. Numerical investigations

In this section, we carry out number of numerical investigation to validate the VEM by documenting its optimal
accuracy and its dissipation/dispersion properties in solving wave propagation problems. To this end, in section 5.1
we show the optimal convergence properties of the VEM by using a manufactured solution on three different mesh
families, each one possessing some special feature. In section 5.2, we carry out a Von Neumann analysis by studying
the dispersion and dissipation of an elementary wave on a periodic domain tessellated in different ways.

5.1. Accuracy assessment using a manufactured solution

In this section, we aim to confirm the optimal convergence rate of the numerical approximation of the elastodynamic
problem (3)-(7) provided by the virtual element method in accordance with Theorems 4.6 and 4.8. In particular, we
let Q = (0,1)? fort € [0,T], T = 1, and consider initial condition ug, boundary condition g and forcing term f
determined from the exact solution:

ot ) sin?(7z) sin(27y)

u(x,y,t) = cos < (112)

sin(27x) sin®(7y)

To this end, we consider three different mesh partitionings, denoted by:
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Mesh 1 Mesh 2 Mesh 3

Fig. 2. Base meshes (top row) and first refined meshes (bottom row) of the following mesh families from left to right: randomized quadrilateral
mesh; mainly hexagonal mesh; nonconvex octagonal mesh.

— Mesh I, randomized quadrilateral mesh;

— Mesh 2, mainly hexagonal mesh with continuously distorted cells;

— Mesh 3, nonconvex octagonal mesh.

The base mesh and the first refined mesh of each mesh sequence are shown in Figure 2.

These mesh sequences have been widely used in the mimetic finite difference and virtual element literature, and
a detailed description of their construction can be found, for example, in [23]. The discretization in time is given by
applying the Leapfrog method with 6t = 10~* and carried out for 10* time cycles in order to reach time 7' = 1.

For these calculations, we used the VEM approximation based on the conforming space th with £ = 2,3,4 and
the convergence curves for the three mesh sequences above are reported in Figures 3, 4 and 5. The expected rate
of convergence is shown in each panel by the triangle closed to the error curve and indicated by an explicit label.
According to Theorem 4.6, we expect that the approximation error decreases as O (h*) when using the virtual element
method of order k& and measuring the error in the H' norm. Consistently with our approximation, we also expect
to see the approximation error to decrease as O(h**1) when using the L? norm. Furthermore, Figure 6 shows the
semilog error curves obtained through a*“p”-type refinement calculation for the previous benchmark, i.e. for a fixed
5 x 5 mesh of type I the order of the virtual element space is increased from & = 1 to k¥ = 10. We refer the reader
to [22] for a detailed presentation of the p/hp virtual element formulations. Here, we compare the performance of
the method for two different implementations. In the first one, the space of polynomials of degree k is generated by
the standard scaled monomials, while in the second one we consider an orthogonal polynomial basis. Details on the
orthogonalization of the basis polynomials are found in [28, 37, 51], where the impact that such a basis can have
on the accuracy of the high-order VEM is also discussed. The behavior of the VEM when using nonorthogonal and
orthogonal polynomials basis shown in Figure 6 is in accordance with the literature.

These plots confirm that the conforming VEM formulations proposed in this work provide a numerical approxi-
mation with optimal convergence rate on a set of representative mesh sequences, including deformed and nonconvex
polygonal cells.
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Fig. 3. Convergence plots for the virtual element approximation of Problem (3)-(7) with exact solution (112) using family Mesh I of randomized
quadrilateral meshes. Error curves are computed using the L2 norm (left panels) and H' norm (right panels) and are plot versus mesh size h (top
panels) and number of degrees of freedom (bottom panels).

5.2. Dispersion and dissipation analysis

The aim of this section is to investigate the dispersion and dissipation errors for the VEM presented before, by
considering the propagation of a plane wave in a homogeneous medium. We recall that for a plane wave, the discrep-
ancy between the phase of the numerical solution and that of the exact solution is referred to as numerical dispersion,
whereas a decrease in the amplitude is referred to as numerical dissipation.

In order to carry out the dispersion and the dissipation analysis, we assume that the medium is isotropic, homoge-
neous, unbounded and source-free. Such hypotheses are standard for plane wave analysis; see, for instance, [4, 5, 36].
Although for realistic physical applications these assumptions are in general not matched, this analysis provides valu-
able information to determine the discretization parameters to be used for the numerical simulation.

Following [44], we consider the equation (3) for an infinite elastic medium that is free from body forces and we
seek for solutions in the form of a plane wave

u(x, t) = aelkx—wt), (113)

where a = [ay, as]? is the wave amplitude, w the angular frequency and k = 27/L(cos 6,sin ) the wavenumber
vector, with L being the wavelength and 6 the angle between the wave propagation direction and the coordinate axes.
Then, the physical wave is recovered by taking the real part of (113). Under these conditions the semi discrete problem
(13) becomes

MU + KU =0, (114)
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Fig. 4. Convergence plots for the virtual element approximation of Problem (3)-(7) with exact solution (112) using family Mesh 2 of mainly
hexagonal meshes. Error curves are computed using the L2 norm (left panels) and H' norm (right panels) and are plot versus mesh size h (top
panels) and number of degrees of freedom (bottom panels).

where M and K are defined as in Section 3.5. To comply with the conditions of unboundedness and periodicity, we
consider problem (114) over the domain E,..; with uniform size h, and impose periodic boundary conditions on its
boundary, see Figure 7. The periodic reference domain E,. can be (a) a square; (b) the union of two triangles;
(c) the union of a set of polygons, namely, four hexagons, two quadrilaterals and two pentagons; (d) the union of
one square and four pentagons; (e) four octagons; (f) one hexagon and four triangles. In order to impose periodic
boundary conditions on E,.r, we define the set of “master” and “slave” indexes, respectively denoted by filled and
empty symbols in Figure 8 for the case of the virtual elements with polynomial degree k = 2. Master indexes refer
to the the degrees of freedom in which we compute the solution and slave indexes to those where we impose the
periodicity condition. Since the solution is a plane wave (113), we impose periodic boundary conditions through a
suitable projection matrix P, cf. [13, 14, 46, 53], and obtain the system

MU+ KU=0, (115)

where K and M are given respectively by X = PTKP and M = PTMP. Following [6] and in the same framework
of [13, 46], we substitute (113) into (115), discretize the system by applying the leap-frog method (14) and obtain a
generalized eigenvalue problem of the form

KUy = AMUy, (116)

where the eigenvalues A are related to the numerical angular frequency w through the relation
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Fig. 6. Convergence plots for the virtual element approximation of Problem (3)-(7) with exact solution (112) using family Mesh I of randomized
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number of degrees of freedom by performing a refinement of type “p” on a 5 X 5 mesh. Each plot shows the two convergence curves that are
obtained using monomials (circles) and orthogonalized polynomials (squares.)
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4 A
A= E Sin2(w?t).
We use this equation after solving the eigenvalue problem (116) in order to derive the grid-dispersion relations as
it will be shown later on. We remark that for two dimensional elastic wave propagation only two eigenvalues in
(116) have a physical meaning as they are related to P and S waves, cf. [38]. All the other eigenvalues correspond to

nonphysical modes, see e.g. [36] for the one dimensional case. Therefore, the relative dispersion errors are given by

ep="Ph_1  eg="5h_ (117)
Ccp Ccs
where the numerical wave velocities cp;, and cg j, are therefore given by
hwpn hws
PR mgr T g
where 6 = h/(kL) is the sampling ratio, i.e. the number of interpolation points per wavelength, and L is the wave-

length.

Before analyzing the dispersion errors introduced by the numerical formulation, we study the stability properties of
the leap-frog time-stepping scheme. Since the leap-frog method is an explicit time integrator, the time step At must
satisfy the Courant, Friedrichs, Lewy (CFL) condition

h
At < Copp—, (118)
cp
where we recall that h is the meshsize and cp is the P-wave velocity and we need to impose that Copp < 1. We are

interested in studying how the Ccrp, factor may depend on the parameters involved in the model, i.e., A and p, and
the polynomial degree k.

To this end, we consider the generalized eigenvalue problem (116) and rewrite matrices K and M by using a scaling
argument, so that

KU, = A’MUy,, (119)
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where A’ = (h/At)? sin®(w, At/2). Then, we define the stability parameter ¢ = cp 5% for which it holds ¢?A’ =
c% sin2(thAt) < ¢%, that is equivalent to

cp /
= C, AY). 120
NI crr(A) (120)

As reported in [39], the eigenvalue A’ depends on the wavenumber vector k and, therefore, on the values of the angle
6. Thus, condition (120) is equivalent to

q=<

q<c(Ap) 1z1n

1

m =d4cFL,
where A/ . is the maximum eigenvalue of (119), taken with respect to the value of 6. Constant c¢* depends on the
Lamé parameters A and p, see [9]. We notice that a different approach (that does not make use of a plane wave
analysis) is employed in [57] to estimate qc rr, for VEM approximation on arbitrary mesh. While in [57] the authors
are interested in establishing a rule of thumb for choosing the discretization parameters that satisfy (121), here the
analysis is mainly focused on the dispersion and dissipation property of the scheme, provided that condition (121)
holds true.

5.2.1. Numerical dispersion and dissipation analysis: space discretization

We first analyse the dispersion and dissipation properties of the VEM by assuming exact time integration. For this
case, we consider equation (115) and compute analytically the second time derivative of the displacement vector. In
this way, we can obtain a generalized eigenvalue problem whose eigenvalues A are related to the angular frequency
w by the formula A = w?. Grid dispersion errors are computed according to (117): first we solve the generalized
eigenvalue problem numerically and obtain the eigenvalues £ = w? that represent the best approximations of the
angular frequencies of the travelling waves. Then, we identify the numerical eigenvalues {p and &g, corresponding
to the physical frequencies of the longitudinal and transversal displacement, by computing the numerical velocities
obtained for each eigenvalue and comparing them to the values of cp and cg. Once selected the eigenvalues £p and
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&s, we compute the numerical angular frequencies wp, = VEp and wgn = /&g for the P-wave and the S-wave,
respectively.

We now analyse the dispersion errors as a function of the polynomial degree k, the sampling ratio  for the shortest
wavelength, the wavenumber vector k of the plane wave, i.e., the angle 6, and the ratio r = c¢p/cg. For the first
test case, we consider 6 = 0.2, i.e., five nodes per shortest wavelength, § = 7/4 and r = 2. Similar results have
been obtained for different choices of the angle 6. In Figure 9 we observe, as expected, an exponential decay of
the dispersion error with respect to the polynomial degree k, for all the considered grids. In particular for k£ > 4 the
dispersion errors are below the threshold value 10~ for all the considered grids, with the composite grid C1 providing
the best results.

However, if we look at the same results as a function of total number of degrees of freedom in Figure 10 we see
that the quadrilateral and triangular meshes outperform the other grid configurations. This result is important from the
computational point of view and should be taken into account for realistic applications. For completeness, in Table
1 we report the dispersion errors for » = 2,5, 10 computed on the quadrilateral and triangular grid. Note that the
same exponential decay of the dispersion error is observed for » = 5 and » = 10. Moreover, on such grid and in the
variation range of r, the dispersion errors are negligible, i.e., less than 10~%, when we use a polynomial approximation
degree k > 4. We obtained a similar behavior on the other grids (C1-C4), but we do not report the results here for the
sake of brevity. In Figures 11, 12, and 13, we report the computed dispersion errors as a function of § for different
approximation degrees k = 2,3,4 and r = 2. We obtained similar results for » = 5,10 but we do not report them
for the sake of brevity. From the slopes of the eg- and ep-curves, we obtain the following empirical estimate of the
orders of convergence: ep = eg = O(h?*) for the VEM with odd polynomial degrees and ep = eg = O(h?k~1)
for the VEM with even polynomial degree. These results are in agreement with the quantitative estimates reported in
[40, 53] for quadrilateral elements. For the scalar wave equations, a proof of the order decay for the dispersion errors
can be found in [4]. We notice that the polynomial degree kK = 4 and § = 0.2, i.e., 5 points per shortest wavelength,
are sufficient to achieve a dispersion error that is less than 10~ for all mesh elements. See Figure 13.

Finally, we study the dispersion errors as a function of the angle 6 of the plane wave. In Figure 14 we report the
results obtained with the virtual element discretization for polynomial degree k = 4, the sampling ratio 6 = 0.5 and
r = 2. The same values are used to compute the anisotropy ratios cp,/cp and cg /cgs, see Figure 14. We notice
that with quadrilateral and C4 grids the error behaves symmetrically with respect to the origin of the axes, whereas
with triangular grids the error grows along the direction in which the periodic cell E, is cut into triangles. This grid
orientation effect is in agreement with [13, 14, 53]. Composite grids C1, C2 and C3 seem to perform better than other
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Table 1
Dispersion errors |ep| and |eg| versus k with § = 0.2, 0 = /4.
r=2 r=2 r=>5 r=>5 r=10 r =10

Grid k |6p| es |6p‘ |es| €p| ‘esl
1 6.0577e — 04 1.0492e —02 1.5137e —05 1.0492e —02 9.4273e — 07 1.0492e — 02
2 3.9826e — 04 5.4411e —03 9.7574e —06 1.6753e —03 6.0481le — 07 1.5893e — 03
3 2.7291e — 05 5.1136e —04 6.0824e — 08 6.3829¢ — 05 8.6845e¢ — 10 6.0938e — 05

Quads 4 3.7419e — 09 1.9706e — 07 3.8492e — 13 1.0884e — 06 6.8826e — 14 1.0457e — 06
5 9.1927e —12 1.7140e — 08 8.5619e — 14 1.2832e — 08 1.9577e — 13 1.1718e — 08
6 4.4075e — 15 1.2488e — 11 1.2882e —13 1.2736e —10 1.2404e —12 1.0704e — 10
7 2.9477e — 14 3.6223e — 14 3.0194e — 13 5.1265e — 13 8.5984e — 13  4.5778e — 13
8 1.0372e — 13 7.6169e — 14 4.6899e¢ — 13 1.5753e — 13 8.5753e — 13 9.5340e — 13
1 8.2437e¢—03 3.3135e —02 1.3165e —03 3.3135e —02 3.2902¢ — 04 3.3135e — 02
2 1.5669e — 06 2.3285e — 04 5.2817e — 08 1.8368e — 04 3.3775e —09 1.7914e — 04
3 5.0853e —08 2.1675e — 07 1.0534e — 10 3.1105e — 06 1.8894e — 12 2.470le — 06

Tria 4 5.4010e — 11 1.5845e¢ — 09 8.6515e¢ — 14 4.7236e — 09 2.2625e¢ — 13 4.2769e — 09
5 1.1938e —13 3.5012e —12 1.5574e — 13 3.2109e — 11 7.6318e — 13 1.5237e — 11
6 1.848le — 14 2.6318e — 14 2.4079e — 13 3.2615e¢ — 13 1.2960e — 12 1.3384e — 12
7 1.0408e — 13 7.4694e — 14 5.2719e — 13 7.0126e — 13 4.8367e — 13 5.6891e — 13
8 1.0693e — 13 1.5421e —13 9.3388e — 13 5.4632¢e — 13 1.1880e — 12 6.9274e — 13

configurations with respect to all incident angles: this fact can be traced back to the asymmetrical pattern inside the
reference cell E,. .

For the dissipation error we analyse the amplitude of the numerical displacement and consider as exact solution of (3)
the plane wave u(x,t) = ¢'¢*=“%: since Tm(w) = 0, its amplitude is equal to 1 for all times ¢. On the other hand,
the numerical wave will have in general Im(wp,) # 0. Then, we say that the scheme is non-dissipative if Im(wp) = 0,
whereas it is dissipative if Im(wy) < 0. In the generalized eigenvalue problem (119) the mass and the stiffness
matrices are symmetric and positive definite. Therefore, the computed eigenvalues are all real, leading to schemes that
do not suffer from dissipation error.

5.2.2. Numerical dispersion and dissipation analysis: space-time discretization

We present first some numerical tests in order to give a quantitative estimate of the parameter oy . In the fol-
lowing, we consider cp = V2,r=20¢ (0,27) and 6 = 0.2. Similar conclusions can be drawn for » = 5 and
r = 10.

In Figure 15 we observe that the decay rate of gc 7, is approximately proportional to k—3/2 for all the mesh element
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Fig. 12. Dispersion errors versus d for k = 3 for all grid configurations. The superimposed dotted line represents the threshold value 10~6.

configurations. This result appears to be slightly better than the one obtained in [12-14, 39, 46]. In addition, for a given
polynomial degree, quadrilateral and C1 grid elements are subjected to a slightly more restrictive stability condition,
i.e., lower values of gory, are obtained. Next, we present the results of the dispersion and dissipation analysis for the
fully discrete approximation by varying the parameters k, § and the stability parameter g. For brevity, we will show
only the results related to the quadrilateral and triangular grids. Similar results have been obtained with the composite
C1-C4 meshes. First, we address the behavior of the dispersion error by varying the sampling ratio § with fix values
of k = 4 and 6 = 7/4. The relative stability parameter ¢,..; = ¢/qcryr is in the range (0.2, 1), and oy, is computed
in agreement with (121). In practice, for any specific values & we first compute gopy, according to (121), cf. also
Figure 15; then, we choose ¢ € (0, gorr,) and finally we sample the values of the dispersion errors eg and ep as a
function of q. As At (and then g,..;) goes to 0, the fully discrete curves tend to the semi-discrete ones, see Figure 16. In
Figure 17, we compare the results obtained with all mesh element configurations for ¢,.; = 0.2. On all the considered
grids, the VEM retains the same level of accuracy, and, in particular for § < 0.2, i.e., five points per wavelength, we
obtain dispersion errors lower than 107, Next, we analyze the dispersion error by varying the polynomial degree k
for § = 0.2 and § = 7/4. In Figure 18, we observe the exponential convergence that was noted in the semi discrete
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case, cf. Figure 9, g,..; goes to zero. Indeed, for sufficiently small values of g, the following asymptotic relation holds
wn ~ VA 4+ O(A),

see also [12]. Thus wy, decays as in the semi discrete case until the term At? becomes dominant. In Figure 19, we
compare the behavior of the fully discrete scheme obtained on both quadrilateral and triangular grids for g,.; = 0.2.
We notice that the same level of accuracy is obtained on both grids for a polynomial degree k& > 6.

Regarding the dissipation error of the space-time discretized scheme, the considerations made for the space discretized
case remain valid.

6. Conclusions

In this work, we extended the conforming virtual element method for the numerical simulation of two dimen-
sional time-dependent elastodynamics problems. The formulation of the VEM is investigated both theoretically and
numerically. From the theoretical side, we proved the stability and the convergence of the semi-discrete approxima-
tion in the energy norm and obtain optimal rate of convergence. We also derive L? error estimates for the h- and
p-refinement. From the numerical side, we assessed the accuracy of the conforming VEM on a set of different com-
putational meshes, including non-convex cells. Optimal convergence rates in the energy norm and L? norm in the
h-refinement are numerically validated, and exponential convergence is experimentally observed in both norms in
the k-refinement setting. Moreover, a thorough comparison with standard VEM schemes on simplicial/quadrilateral
grids is presented in term of a dispersion-dissipation and stability analysis, showing that polygonal meshes behave as
classical simplicial/quadrilateral grids in terms of dispersion-dissipation and stability properties.
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